We investigate the quench dynamics of impurity atoms in a one-dimensional trapped Bose gas. Our focus is to explore the effects of inhomogeneity due to the harmonic confinement generally present in current cold-atom experiments. We show that inhomogeneity can be taken into account by an effective one-body model where both the mass and the string constant are renormalized. This is in contrast to the classic renormalization which addresses only the mass. We propose an effective single particle Hamiltonian and use the multi-layer multi-configuration time-dependent Hartree method for bosons to explore its validity. The numerical simulations reveal that there exist two parameter regimes, which we call the 'miscible phase' and 'immiscible phase'. Our one-body description is valid for the former but must be modified for the latter regime. Importantly, it turns out that the mass of the 'polaron' is smaller than the impurity mass, which means that it cannot straightforwardly be extracted from translationally-invariant models.
Introduction.-Often, low-energy quantum states of an impurity in a homogeneous infinite environment can be well characterized by only the momentum P of the impurity, such that the energies are
where and m eff are parameters. E(P ) is the energy of a free particle with the mass m eff , which enables the notion of a polaron: A quasiparticle that describes the response of an impurity in a medium to certain low-energy perturbations [1, 2] . The idea of a polaron was put forward in solid state physics to understand the motion of an electron in a polarizable solid [3] . However, the universality of the polaron mechanism makes it useful to describe many other impurities such as a 3 He particle in superfluid 4 He [4] , a proton or a Λ-baryon in nuclear matter [5, 6] , or a proton in proton conductors [7] . Concerning applications, the polaron concept is vital to computing properties of various strongly correlated electronic materials [8, 9] , and organic semiconductors of technological significance [10] .
To employ the picture of the polaron, the values of m eff and , and the limits of applicability of Eq. (1) must be specified. To this end, one must use experimental data or (in the absence of such data) ab initio calculations. The latter are arguably the simplest that give insight into the interplay between one-and many-body physics. Still, only approximate solutions are available as various assumptions have to be made along the way. Mixtures of cold atoms that put these solutions to the test [11] [12] [13] [14] [15] [16] [17] inspire the discussion between the polaron theories and experiments, which sheds new light onto the underlying physics not only in cold atoms, but also in more practi-cally relevant materials.
This Letter contributes to this dialogue by studying effective descriptions of an atom that moves in a harmonic trap, which also confines a weakly-interacting onedimensional Bose gas. Such a study is necessary because a harmonic confinement is often present in cold-atom experiments, and, therefore, it must be taken into account if one wants to analyze measured data using the predictions of classic homogeneous models. In one-dimensional systems the properties of the system depend very strongly on the confinement [18] , which motivates theoretical studies of trap effects on the ground state [19, 20] and quench dynamics [21] [22] [23] [24] [25] . The latter studies, however, rely on various approximations, e.g., on the local density or meanfield approximations, whose validity is hard to test for mesoscopic experimental set-ups. Here we perform a variational beyond-mean-field study of the quench dynamics using the multi-layer multi-configuration timedependent Hartree method for bosons (ML-MCTDHB) [26] [27] [28] [29] [30] [31] [32] , which focuses on weak and intermediate interaction strengths. The ML-MCTDHB results allow us to identify parameters for which an effective one-body description is appropriate. They demonstrate the necessity to renormalize both the mass and the string constant in the corresponding effective Hamiltonian. Furthermore, they reveal that the mass of the 'polaron' can be smaller than the bare mass as it incorporates certain effects of the trap. These findings are important for interpreting current cold-atom set-ups, and for simulating unconventionally small effective masses. current cold-atom experiments [18, [35] [36] [37] , where m is the mass and Ω is the trap frequency. Note that, for the sake of argument, the impurity and a boson obey the same one-body Hamiltonian h. For later convenience, let us introduce the string constant k ≡ mΩ 2 .
To find the low-energy eigenstates of H, one has to address an (N + 1)-body problem. In the homogeneous case qualitative features of these states are well understood [24, [38] [39] [40] [41] [42] [43] [44] [45] [46] . The trapped case requires, however, further exploration. In particular, the quench dynamics is of immediate interest because it potentially can be used to study polarons [18, 24] . The analysis of the time evolution upon the change: c = 0 at t < 0 to c > 0 at t ≥ 0, which can be realized in experiments (e.g., by tuning an external magnetic field [47, 48] ) is the main objective of our work. However, to set the stage we first consider the homogeneous case, i.e., Ω = 0.
Homogeneous Case.-In the homogeneous case (in the limit N → ∞ and finite density ρ) the low-lying excited eigenstates of H related to the motion of the impurity are approximately parametrized by the momentum of the impurity (cf. Ref. [32] ). The corresponding energies are given by Eq. (1). This knowledge motivates the use of the effective Hamiltonian for the description of the low-energy dynamics of the impurity
where (g/ρ, c/ρ) and m eff (g/ρ, c/ρ) are referred to as the self-energy and the effective mass of the polaron, respectively. These quantities can be measured in a laboratory [15, 16, 18] ; in particular, can be related to the frequency shift of the spectroscopic signal; see, e.g., Ref. [15] , whereas m eff can be extracted from the quench dynamics; see, e.g., Ref. [18] . The values of and m eff can also be theoretically computed; see, e.g., Refs. [24, 32, 38, 39] . We summarize the theoretical expectations on the effective mass and self-energy in Fig. 1 .
To obtain the data shown in this figure, we have extended the theory developed in [39] (see Ref. [32] ). It allowed us to find the function m eff (g/ρ, c/ρ), which will be needed below. Both the self-energy and the effective mass in Fig. 1 are increasing functions of the boson-impurity interaction η = cm/(ρ 2 ), so that m eff is always larger than m: The impurity gains 'weight' when in media. This gain can be large even in the weakly-interacting regime (η → 0, γ → 0) given that η γ; the energy correction in this regime is not important -it scales as √ γ (see, e.g., Refs. [39] ). Finally, we note that in the weaklyinteracting regime the effective mass (using perturbation approach based on the Bogoliubov approximation) is [38] 
For the considered cases (see Fig. 1 ) this form is accurate at c g. Harmonic Trap Impact.-Cold-atom experiments have a finite number of particles and are often performed in harmonic traps, hence, the Hamiltonian (3) must be modified to take this into account. A natural extension of Eq. (3) (assuming that the density of the Bose gas does not vary appreciably on the length scale given by the healing length) to the trapped case is
where (y) ≡ (g/ρ(y), c/ρ(y)) and m eff (y) ≡ m eff (g/ρ(y), c/ρ(y)) with and m eff from Eq. (3). Naturally, this extension makes sense only if the impurity is inside the cloud, i.e., it never probes the region with ρ(y) = 0 where (y) and m eff (y) are not defined. To receive some insight into the properties of the Hamiltonian (5), let us consider c → 0. In this limit the leading order correction to the energy can be assessed using first order perturbation theory:
cρ; see also Ref. [39] and Fig. 1 . The correction to m eff is given by Eq. (4), thus, m eff /m − 1 ∼ c 2 and can be neglected in the leading order. The density profile ρ(x) can be estimated from the Thomas-Fermi approximation (see, e.g., Ref. [49] ):
1 − x 2 R 2 , and ρ(|x| > R) = 0, where R = (3gN/(2k)) 1/3 . Therefore, the leading order effective Hamiltonian for c → 0 reads
Three comments are in order here: i) the string constant has to be always renormalized; ii) for c < g and small g the dynamics are determined mainly by the renormalization of the string constant; iii) the effective Hamiltonian (6) is valid only for c < g, otherwise the system is unstable -the harmonic oscillator in Eq. (6) acquires a negative string constant. Due to iii) below we consider the case with c < g (referred to as the 'miscible' case, cf. [50, 51] ) and c > g ('immiscible' case) separately. Note that Eq. (6) is expected to describe qualitatively the c < g regime for weak and moderate interactions, where the approximations used to derive Eq. (6) are accurate; see Fig. 1 .
To renormalize the mass and string constant beyond Eq. (6), maintaining a simple form, we propose the following Hamiltonian for c < g
where m eff and k eff are independent from one another. The parameters , m eff and k eff must describe the 'average' action of (y) and m eff (y). As such they simplify the description: They do not depend on the position, and do not require the knowledge of the density ρ(y). Note also that even though the Hamiltonian (7) is more complicated than the model in Eq. (3), its propagator is well-known (see, e.g., Ref. [52] ), which grants an easy access to various observables [32] . However, there is a tradeoff: The parameters , m eff and k eff must be calculated directly for an inhomogeneous problem of interest. 'Miscible' (c < g) Case.
-To test the proposed effective Hamiltonian (7), we investigate the quench dynamics that obeys H from Eq. (2). We assume that at t < 0 the impurity is non-interacting, i.e., c = 0, and the system is in the ground state of H. At t = 0 there is a change to c > 0. We study the time evolution at t > 0. For the sake of argument, we set N = 100, Ω = 2π × 20Hz, g = 10 −37 Jm and m = m( 87 Rb) -these values resemble the experiments with quasi-one-dimensional Rb atoms [18, 53] . Note that for N = 100 the Thomas-Fermi radius is R 19µm, ρ(0) 4/(µm), hence, the dimensionless interaction parameter γ(x) ≡ gm/(ρ(x) 2 ) in the center of the trap is γ(0) 0.33. Finally, we note that for these parameters and g = c the effective mass in the center of the trap is m eff /m 1.1: The renormalization of the mass is significant; it is larger on the edges of the trap where the density is smaller (see Eq. (4)). (7) . The purple dots are the results of the Hamiltonian (6) (no fit parameters). The (black) dashed curves show the mean-field (in (a)) and the species mean-field (in (b)) results, the corresponding (green) dots are the fits to (7) . Panel For the natural time scales given by the trap and experimental limitations, we calculate the size (variance) of the impurity cloud y 2 first using ML-MCTDHB; see Ref. [32] for the description and estimates of the accuracy. Then we calculate y 2 within our polaron model (7) . The latter model has the parameters m eff and k eff , which are found by fitting to the numerical results; see Fig. 2 . The parameter defines an overall energy shift and therefore cannot be obtained from the quench dynamics. We compare y 2 for c = 0.1g (weakly interacting impurity) and c = 0.9g (all interactions are of the same order); see Fig. 2 . The Hamiltonian (7) describes both cases well. For c = 0.1g the agreement is excellent; for c = 0.9g we see that the polaron model is less accurate: There is a damping which is beyond Eq. (7) . This damping sig-nals the presence of higher-order correlations. Note that even for very small interaction strengths the renormalization of the mass and string constant has to be performed beyond Eq. (6) to accurately describe the ML-MCTDHB data (see also Fig. 3) . The fitting to the data in Fig. 2 dictates that m eff /m < 1, which is at odds with our intuition from the homogeneous model (see Fig. 1 ); m eff /m < 1 even for c → 0 where ML-MCTDHB captures all important particle correlations (see Ref. [32] ). Apparently, this unusual mass renormalization is due to the trap, and cannot be straightforwardly related to the physics in the homogeneous case. Note that the entanglement between the species, which is a beyond-mean-field effect, is crucial for this conclusion; see Fig. 2 where in (a) we present the calculations using the two coupled Gross-Pitaevski equations [32, 49, 54, 55] and in (b) the results of the species mean-field calculations [56] : The mean-field results disagree with the full calculations and can be fit well with m eff /m > 1. Finally, we note that it is necessary to renormalize both the effective mass and the string constant (cf. Ref. [18] ) because they are related to different effects. Indeed, one can first calculate k eff /m eff independently from the period of oscillation of y 2 , and then compute m eff by fitting to the amplitude.
To calculate the 'best' values of m eff /m and k eff /k, we minimize the sum
where M = 1500 is the number of the data points we use; the time interval [t 1 , t M ] is shown in Fig. 2 . The values of m eff /m and k eff /k that minimize χ 2 for c/g ∈ [0. 1, 1] are presented in Fig. 3 . The one-body description is valid for c/g 0.8, which is quantified by small values of χ 2 .
For larger values of c/g the impurity probes the edges of the cloud which is not captured by H trap eff ; see the next subsection. It is worthwhile noting that the values of m eff and k eff that minimize Eq. (8) describe accurately also other quantities, e.g., the density (results not shown here for the sake of brevity). Therefore, the effective Hamiltonian H trap eff is universal, in the sense that it does not depend on the low-energy observable of interest.
'Immiscible' (c > g) Case.
-Even though there is only one particle of a different kind, the time evolution of the impurity is sensitive to the phase separation point for two harmonically trapped gases [50, 51] ; see the increase of χ 2 in Fig. 3(ii) . For c > g the impurity is pushed to the edge of the Bose gas (see also Refs. [19, 20] ), and, hence, the part of the space that is not occupied by the Bose gas must be included into the effective description [57] . One can extend Eq. (5) to y > |R| by using a free oscillator or some other effective Hamiltonian, e.g., from Ref. [19] . However, it is not clear that the 'polaron' description is valid for these large interactions and momenta. Indeed, even in the homogeneous case it might well be that the involved momenta are larger than the critical momentum for the stability of a polaron. This investigation is beyond the scope of this Letter.
Discussion.-The main ideas and results of this work are summarized in Eq. (7) and Fig. 3 . Arguably, the most unexpected finding of our study is that the effective mass in Fig. 3 is smaller than the bare mass. We will now relate this observation to the homogeneous model, which predicts m eff > m; see Fig. 1 , also Refs. [24, 38] . First, we argue that Eq. (5) is valid for c → 0. The 'size' of the polaron approximately given by [39] 2/(γ(0)ρ(0) 2 ) 0.6µm is 'much' smaller than the relevant lengths of the problem, e.g., the harmonic oscillator length /(mΩ) 2.5µm. Therefore, we may treat the external trap as a low-energy perturbation for which the polaron description is expected to be accurate. However, the validity of Eq. (5) does not immediately imply that m eff > m. Indeed, m eff might be related not only to m eff (y) from Eq. (5) but also to (y). Therefore, for a fair comparison one must estimate the c 2 -order correction to , and the corrections to the Thomas-Fermi density. We focus on the latter as it contributes directly to the leading order in c. Using the ideas of Ref. [58] , one can show that the corrections to the density within the mean-field approach yield terms O(1/R 4 ) in the renormalized parameters. This is a marginal effect that can be neglected. However, effects beyond the Gross-Pitaevski equation (cf. [59, 60] ) captured by our numerical method might explain Fig. 3 . One can show that the contribution Q 1 − z 2 /r 2 to the density [61] , where Q > 0 and r are fitted parameters can lead to k eff /k < 1 − c/g and m eff /m < 1. Note that the competition between this beyond mean-field contribution and the mean-field re-sults [64] in the order c 2 might explain the non-monotonic behavior in Fig. 3 : The effective mass reaches its minimum (m eff /m 0.91) at c/g 0.8. The string constant crosses the line k(1 − c/g) at around this point.
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